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trix polynomials. We get the relations between Laguerre, Legendre and
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ometric matrix functions. Finally, we define a new generalization of the
Laguerre matrix polynomials with the hypergeometric matrix function.

Keywords: Matrix functions, Laguerre, Legendre and Hermite matrix
polynomials, Hypergeometric matrix functions, Generating
matrix function, Finite summation, Integral representation.

AMS Mathematics Subject Classification(2010): 33C25, 15A60,
33C45.



Ayman Shehata

1. Introduction

Orthogonal matrix polynomials are becoming more and more relevant in the
two last decades. Classical orthogonal polynomials are extended to orthogonal
matrix polynomials by Aktag et al. (2012), Khammash and Shehata (2012),
Metwally et al. (2008), Shehata (2011)-Shehata (2015), and some results in
the theory of classical orthogonal polynomials are extended to orthogonal ma-
trix polynomials, see Al-Gonah (2014), Altin and Cekim (2012), Cekim et al.
(2011), Cekim et al. (2013), Defez (2013), Jodar and Defez (1998), Kargin and
Kurt (2013), Metwally and Shehata (2013), Shehata (2009) and Yasmin (2014).
Laguerre matrix polynomials have been introduced and studied in Jédar and
Defez (1998), Jodar and Sastre (1998), Jodar and Sastre (2001), Jodar and
Sastre (2004), Sastre and Defez (2006), Sastre Defez and Jodar (2006), Sastre
and Jodar (2006). As in the corresponding problem for scalar functions, the
problem of the development of matrix functions in a series of Laguerre matrix
polynomials requires some new results about the matrix operational calculus
not available in the literature. From this motivation, we prove some new proper-
ties for the Laguerre matrix polynomials. The outline of this paper is as follows:
In Section 2, we give addition, summation formulas, and a different approach
to proof of generating matrix functions of the Laguerre matrix polynomials and
write these polynomials as hypergeometric matrix functions. Furthermore, we
show the integral representation for Laguerre matrix polynomials. We get ex-
pansions of the Laguerre matrix polynomials as series of Hermite and Legendre
matrix polynomials in Section 3. We get some results which follow from this
new generating matrix function, involving the Horn’s matrix functions of two
variables and hypergeometric matrix functions of three variables in Section 4.
Finally, we define the generalized Laguerre matrix polynomials of two variables
with the hypergeometric matrix function.

Throughout this paper, if A is a matrix in C"*", its spectrum o(A) denotes
the set of all the eigenvalues of A. If f (z) and g(z) are holomorphic functions
of the complex variable z, which are defined in an open set 2 of the complex
plane and A, B are matrices in C"™*" such that o(A) C Q, o(B) C Q then
from the properties of matrix functional calculus (see Dunford and Schwartz
(1957)), it follows that: f(A)g(B) = g(B)f(A), where AB = BA.

If y is a complex number with |y| < 1 and a is a complex number, then

gla)=1—-y) " =32, %y" is an holomorphic function in C"*". There-
fore, applying the holomorphic functional calculus (see Dunford and Schwartz
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(1957)) to any matrix A in C"™*", the image of g, acting on A yields
g = (=gt =3 Doy <, )
n=0
where (A),, is the Pochhammer symbol or shifted factorial which is defined by
(A),=AA+D)(A+2])...(A+(n—1)I);n>1, (2)
with (A), = 1. It is easy to show that

(A g = (A), (A+nl), . (3)

By using (2), it is easy to find that

(Anok = (1 (Aal(I = A=nD)] ™ 0<k<n (4)
and
(—n[)k:ml,ogkgn. (5)

So generalized form of equation (1) which is called hypergeometric matrix func-
tion oFy(A, B;C;z), is defined by (see Jodar, and Cortes (1998))

zFl(A,B;c;z) =3 DBl )y, (6)
n!
n>0
for matrices A, B,C in C™*" such that
C + nlis an invertible matrix for all integers n > 0. (7)

Definition 1.1. Let A be a matrixz in C™*" such that
—k ¢ 0(A) for every integer k > 0, (8)

and X is a complex number with R (\) > 0, then the Laguerre matriz polyno-
mials are defined by (see Jodar et al. (1994))

- FA+ D [(A+ D]~ (Ax)F
Lt Z k!(T[L—k‘)! ! ©)

=0
and satisfied the Rodrigues formula
x—Aez\x dar

' d—[a?A"’"Ie_”\”’],n > 0. (10)
n! "

L (@) =
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According to Jodar et al. (1994), Laguerre matrix polynomials are gener-

ated by
STLA (@) = (1 - A exp (;“f) , (1)

n=0

where t € C,|t| < 1,z € C.

Furthermore, Cekim and Altin deal with multiplication formula; (see Cekim
and Altin (2013))

“ (A + (k+1)I -

L(A )\) Z ) )nfk yk (1 _ y)n k L](CA,)\) ({E)

= — k!

and a new generating matrix function including hypergeometric matrix func-
tion;

oo

S(B), [(A+ 1), LA (@)t = (1 - 1P L F (BA e m)m)

n=0 1-t¢

Definition 1.2. Let A, B and C be matrices in C™*" such that C 4+ (m +n)I
is an invertible matriz for all integers m +n > 0. Then the Horn’s matriz
functions Hg and ®3 of two variables are defined by (see Shehata (2009))

R _ - (A)2m+n[(c)m+n]_1 m, .n
HG (A7 Ca Z, ’lU) - m;:o m|n' zow,
— (B)ml(C)min]™ 1
O3(B; C;z,w) = Z e mAn man,
o m!n!

Definition 1.3. Let Ay, By, By, C1 and Cy be matrices in C™" such that
C1 +mlI is an invertible matrixz for all integers m > 0 and Cy + (n+p)I is an
invertible matriz for all integers n + p > 0. Then the hypergeometric matrix

functions 3@531) and 3<I>(Gl) of three variables are defined as follows (see Shehata
(2009) and Shehata (2014 b))

8\ (A1, By, By; Cy, Ca, Ca; 2, w,u)
i (A (B m4p[(C1)m] " [(Co)nip] "

min!p!

2w P,

m,n,p=0
3¢8)(A1, A1, Ay, By, By; Cy,Cy, Cy; 2, w, u)
i (Al)m+n+p(Bl)m(B2>n[(Cl)m]_l [(02)n+p]_1

m!nlp!

ZMwuP.

m,n,p=0
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We conclude this section recalling a result related to the rearrangement of
the terms in iterated series. If A (k,n) and B (k,n) are matrices in C™*" for
n > 0 and k£ > 0, then in an analogous way to the proof of Lemma 11 (see
Rainville (1962)), it follows that

(37l

S Akn) =D A(k,n—2k) (15)

Nl
3

n=0 k=0 n=0 k=0
and (o) o0 o0 n
S Bkin)=>_ > B(kn—k). (16)
n=0 k=0 n=0 k=0
Similarly, we can write
> Blkn)=) > Blkn+k),
n=0 k=0 n=0 k=0
A(k,n) =Y " A(k,n+ 2k).
n=0 k=0 n=0 k=0

2. Some relations on Laguerre matrix
polynomials

In this section, we obtain some generating functions, new results and rela-
tions for Laguerre matrix polynomials and write these polynomials as hyperge-
ometric matrix functions. Moreover we give integral representation of Laguerre
matrix polynomials. We write Laguerre Matrix Polynomials as hypergeometric
matrix functions in the following theorems.

Theorem 2.1. Let A be a matriz in C™*" satisfying the spectral condition
(8) and let \ be a complex number with ®(\) > 0. Then Laguerre matriz
polynomials can be written as hypergeometric matriz function:

(A+ 1),

LAN) (z) = '
n!

n

1F1(—nI;A+I;)\x>. (18)

Proof. From (9) and using the relation (5), the equation (18) as follows directly.
O
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Theorem 2.2. Let A be a matriz in C"™*" satisfying the spectral condition (8)
and let \ be a complex number with R (\) > 0. For Laguerre matriz polynomi-
als, we have hypergeometric matriz representation as follows:

(ZAz)"

1
(A,N) - — “A—nl:— ——
LM (x) = " 2F0( nl,—A—nl;—; Ax)l (19)

Proof. Taking n — k instead of k in (9), one gets

n n—=k -1 n—
LN (z) =" (D" "4+ I)Z!([’flA—ic;)n_k} (Az)" "
k=0

and using the relations (4) and (5), we get (19). O

In the following theorem, we prove the addition formula of the Laguerre
matrix polynomials.

Theorem 2.3. Let A and B be matrices in C™*" satisfying the spectral con-
dition (8) and let X be a complex number with % (\) > 0, then the Laguerre
matriz polynomials satisfy the addition formula as follows:

LN (@ y) = 37 @) 17 (), (20)
k=0

Proof. From equation (11) and the fact that

(1 — )~ (A+B+2D o, (A gl“ thll) t>

—(A+1) — Azt —(B+I) —Axt
=(1- xp | — | (1 — xp | ——
( t) ep(1 t>( t) ep(1 .

we have
Z L(A+B+I 2) (z+y)t Z ZL(A A) (B,)\) () gtk
n=0 n=0 k=0
N (A B,A
= > LM @ L )
n=0 k=0
Comparing the coefficients of ¢, we obtain (20). O
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Remark 2.1. (i) Putting A=A —1I and B= A — I in equation (20), we get
the following recently result [Cekim (2013), p.820]:

LRA~IN (g 4 y) = ZL(A I)\) L(A ) (v).
k=0

(ii) Putting A= B —1, B=A—1 and x = y in equation (20), we get the
following recently result [Cekim (2013), p.820]:

LEHPIN (22) = 3 L7 (0) LY ().
k=0

To show the availability of equation (12) we give the following theorem.

Theorem 2.4. Let A and B be commuting matrices in C™>" satisfying the
spectral condition (8) and let A be a complex number with R (X) > 0, then the
Laguerre matriz polynomials have the following relation:

LN (@) = (A+1),[(B),]

ST A+ T= B (A + 1] L () LA )
e (21)

Proof. One can easily show that

<B A+, )\f)—exp()\xt) (A+I BiA+T; Amtt). (22)

1-t¢

Using (22) in (12), we get

oo

> (B, [(A+ D), LAY (@)t
n=0
:(l—t)BeXp(I)\mtt> (A+I BiA+1; Mtt)
= [i LEP-A2IN () t”] i (A+1=B), [(A+ 1)) L™ (—a) tk] :
n=0 k=0
With aid of (16), we have (21). O

Substituting B = A + I in equation (21), we get the following corollary.
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Corollary 2.1. Let A be a matriz in C™*" satisfying the spectral condition
(8) and let X be a complex number with R (X) > 0, then the Laguerre matriz
polynomials have the following summation formula:

n—

LA (2) = 3 [(A+ D) LY (=) LY (a).
k=0

We shall perform this transformation to exhibit the technique. If we replace
2 by ==, t by — £ and multiply both sides of (12) by (1 — £)~“*D exp ( m) ,
we get

_B Azyt
(1—¢)~(A+D [1 + f’ft} exp <1A_xtt> By <B;A+ I; 1“‘?1)
= S (BIA+ D1 = 1) e ( 1Mf> LAY (DM
n=0
= i Z “”Lﬂm + D] LY (2)y e
n=0 k=0 :
= i o F ( —nl,B;A+1; y> LN (2)tn
n=0

Rearranging the left-hand side of the above equation we obtain a bilateral
generating function involving the Laguerre matrix polynomials and a certain
terminating o F7 in the following theorem.

Theorem 2.5. Let A and B be commuting matrices in C™*" satisfying the
spectral conditions (7) and (8) and let A be a complex number with £ (\) > 0,
then the Laguerre matriz polynomials have the bilateral generating function

Z LAY (x) oFy (—nl, By A+ Iy)t" = (1— 1) AP (1t yt) ™7

-zt Azyt
F | B;A+ I .
<ow(T27) o8 (B 1 )
It is easy to show that

/000 et (\/E) A JAtns (2\/5) dt = e~ gA+nI (23)

where J4 (2) is the Bessel matrix functions defined by Jodar et al. (1994).
Differentiating m times both sides of (23) with respect x and using the fact
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that J
%(ZAJA(Z)) = ZAJA_](Z),
we get
dm o A+nl—ml
e (33“””[6*9”) = / (\/H) JAtnI—mI (2\/&) e Htmdt,
0

form=0,1,2,..... Here, it is easy to justify the differentiation behind the in-
tegral sign. Setting m = n in (10), we obtain the desired integral representation
of the Laguerre matrix polynomials. These results are summarized below.

Theorem 2.6. Let A be a matriz in C™™" satisfying the spectral condition
(8) and let A be a complex number with R(X) > 0, then the Laguerre matriz
polynomials satisfy the following integral representation:

xl .=

lA Jo%S)
%“N@ziii—/ el (2v/at) di
0

n!
3. Expansions of Laguerre matrix polynomials
in a series of polynomials
In this section, we give expansion of the Laguerre matrix polynomials as

series of Hermite and Legendre matrix polynomials.

Theorem 3.1. Let A be a matriz in C™*" satisfying the spectral condition
(8) and let A be a complex number with R(X) > 0, then the Laguerre matriz
polynomials satisfy the following equations for | A|| > %:

LA ( zn: Ak(”) b

kl (n—k)!
—(n—k)I —(n—k—1)I 2241
xa Fy < ArGean)] Ar(hao)r <2)> )
2 2
where H,, (x, A) is the Hermite matriz polynomials, and

- Ak 2k +1) (V2A)F
LA (2 Z ( )'J;k)(g) )
=0 2/k

—(n—k)I —(n—k—1)I A2A-L
X2 F3 | (340m)1 2A+(;c+1)1 2A+(k~+2)1 3<2 ) )
2 2 ; 2

(25)

(A+1), [(A+1),]" Hy (2, A)

- (24)

(A+1), [(A+1),]7" Py (2, 4)

where P, (x, A) is the Legendre matrix polynomials.

Malaysian Journal of Mathematical Sciences 451



Ayman Shehata

Proof. By using the relations (16) and (9), we have

A + I)n+k [(A + I) } ! ()‘x)k

2 Lt Z Z in A

n=0 n=0 k=0

On using the results given by Jodar and Company (1996)
[3k

|
(zv 2A)k = Z (kk_'2)Hk 2r(z, A)
r:O

and (15) we get

Z L;A”\)(x)t"
n=0
[SSEES] [%] k 1y k —k
_ KA+ Dngr[(A+ 1] A" (V24) ntk
B Z Z Z kElnlrl(k — 2r)! Hy—zr(z, A)t
n=0 k=0 r=0
oo oo [3] A T A T 1y k+2r 24 —k—2r
_ ZZZ + Dnsi[(A+ ;k+'2 l]kl A (vV24) Hy(z, A"+,
o (n —2r)Irlk!
(26)
O

Substituting the well-known identity

1 - (—n>2T
(n— ZT)!I - onl g

~2eth B (osrsin)

n! 2 2

and equation (3) in (26), we get proof of equation (24) after comparing the
coefficients of ¢".

If we consider the equation

@vadr N or —ar 41y
k! 72 T'( )k r

Pk—2r(£7 A)7

given in (see Upadhyaya and Shehata (2011)), we get the proof of equation (25)
similarly.
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4. Generating matrix functions for Laguerre
matrix polynomials

In this section, the interesting and alternative proofs of generating matrix
functions for Laguerre matrix polynomials are derived. We prove here the
following interesting formulae:

Theorem 4.1. Let A and C be matrices in C™*" such that C+ (m+n)I is an
invertible matriz for all integers m—+n > 0 and R(z) > —1 for every eigenvalue
z € o(A) with |z| < i. Then the interesting generating matriz function for

Laguerre matriz polynomials is

Hg(—A,Ci2,X 2w) = Y (= A)2n[(C)n] (A + (1= 20)1)] 712" LA (w),

(27)

where A — 2nlI is a matriz in C™" satisfying the spectral condition (8) and let
A be a complex number with R} () > 0.

Proof. The L.H.S of (27) is equal to

Ho(—A,C;2,\ 2w0) = i (A4l O] A w)™

nlm!
m,n=0
2n m C n -1 n m
_2)20 (‘ﬂzl] S Ow)
by using (17), (9) and (4)

G AaallL + A= 20D] O™ ) o
e nzomzo m!(n —m)! (A w)
B Z Z NI+ A-2nl),)” 1Z"L%A—2nl,)\)(w)

n=0m=0
which proves (27). _

Theorem 4.2. Let B and C' be matrices in C™*" such that C + (m+n)I is an
invertible matriz for all integers m—+n > 0 and R(z) > —1 for every eigenvalue
z € o(B). Then the Laguerre matrixz polynomials have the following generating
matriz function

By(~B;Cs—z, A zw) = 3 (O] EP W), (28)
m=0
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where B —ml is a matriz in C"™*" satisfying the spectral condition (8) and let
A be a complex number with R} (\) > 0.

Proof. The L.H.S of (28) is equal to

‘133(—B; C; —z, —A zw) _ i (*1)m+n(*B)m[(C)m+n]71 Zern(/\ w)n

o min!
. m m e C m -1 . .
:ZZ n)h[;l Il (Aw)
m=0n=0
by using (17) and (9)
> 7n+n -1
O3(—B;C;—z,— A zw) = Z (= B?"i[(c)mﬂl] 2T\ w)™
oo m!n!
X~ D™ (=B)m—n[(C)m]
= Z Z 2™ (A w)"™
m=0n=0 - n)'n'

-1 mL(B mlk)( )

M

which proves (28). O

Theorem 4.3. Let Ay, By and Cy be matrices in C™" such that Cy+ (n+p)I
is an invertible matriz for all integers n +p > 0 and R(z) > —1 for every
eigenvalue z € o(By) with |z| < 1. Laguerre matriz polynomials satisfy the
following generating matriz function:

(]. — Z)_Bl (4) (Alv —Bl, —Bl; Al, CQ, CQ; z, —>\ wu, —u(l — Z))

i upL (B1—pl, A)( ), (29)

where By — pl is a matriz in C"™*" satisfying the spectral condition (8) and let
A be a complex number with R} (\) > 0.
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Proof. From (14), (17) and (9), it follows that

(1—2)~" 3‘I>( (A1, =By, —B1; A1, Co, Co; 2, =X wu, —u(1l — 2))

i (_1)n+p(_BT;)':'-;:[(C2)7L+I]]_1Zm(l _ Z)pI—Bl (/\ w)nun+p
m,n,p=0 T
> _1\n+p —1 o0 N
_ Z ( 1) T[l('g'?)nvﬂ?] (1 - Z)PI*B1 (}\ w)nuner Z ( B;L)!m+;ﬁ LM
,p*O m=0
n+p —1
= ZO ng’f)"'@] (1- )PI Bl()\ w)" u™tP Z:O Bl (mBil +pD)m
_ Z (_1)n+p(_‘i1';1;[(02)n+13]_ (1 _ Z)pI—Bl ()\ w)nun+p(1 _ Z)Bl—pI
n,p=0 o
e _1\n+p(_ -1
_ Z_: (=1 ( fil!;z;[(cz)nw] (0 w)mm+

_ 337 CV Bl O

p=0n=0 ni(p —n)
= S lC) g
p=0

O

Theorem 4.4. Let Ay, By, By and Cs be matrices in C™*" such that Cy +
(n + p)I is an invertible matriz for all integers n +p > 0 and R(z) > —1 for
every eigenvalue z € o(Bs) with |z| < 1 and |w(z —1)| < 1. Laguerre matriz
polynomials satisfy the following relation:

(1—2z)™ 3‘?(@1)(141,1417141731, —By; By,Cs,Co; 2z, w(z — 1), A wu(z — 1))

=D (AD)ul(Co)n] " LN (u),
n=0

(30)

where By —nl is a matriz in C™*" satisfying the spectral condition (8) and let
A be a complex number with R} (\) > 0.
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Proof. Using (14), (17) and (9), we have

(1—2)% 309 (A1, Ay, Ay, By, —By; By, Ca, Ca; 2, w(z — 1), A wu(z — 1))

o0

_ Z (_1)n+p(A1)m+T;;r'p(';;BQ)n[(CQ)n+P]_1Zm(l _ Z)A1+(n+p)1wn+p(>\ u)p

m,n,p=0 P

> (_l)ner(_BQ)n[(Cz)n [)}71 1+(n+p n+p p = (Al)nL n+p _m

= n%::O nlp! TP (1 — 2) MRyt () ) 2 7mr P,
_ f; <—1>"+P<A1>n+p£;fz>n[<cz>n+pr1Wp@ w)?
_ o\ (*1)n(Al)n(*BQ)n—p[(Cﬂn]ilwn w)P
_;; (n —p)lp! (e
= > (ADal(Co)p] Tt LT (u),

n=0

[

Theorem 4.5. Let B be a matriz in C™*", B — ml satisfying the spectral
condition (8) and let A be a complex number with X (A\) > 0. Then Laguerre
matriz polynomials can be written as hypergeometric matriz function:

oo

1
— oF1(—;mI — B; X\ zw)2™
. m!

o " (31)
= SOP(B+ (1= m)DE (B + D2 L) (w),
m=0
Proof. Putting B = C in (13), we obtain
- (_1)m+n(_B)m[(_B)m+n]_l +
®3(—B; —B; —2z,—\ = mEn (N )™
3(—B; i —2, 2w) m;:() o z (A w)
e _1\m+n o —1

m!n!

(D" - (DI = B)a] ™!

o

n n
ol z > o 2" (A w)
o0
_1)m
= Z ( m? 2™ oF1(—;mI — B; =\ zw)
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by using (28), we obtain (31). O

Theorem 4.6. Let By is a matriz in C™*", By — nl satisfy the condition (8)
and let \ be a complex number with & (\) > 0. Laguerre matriz polynomials
satisfy the interesting generating matriz function:

67/\ zw(l + w)B2 _ Z wnLngzfnL/\) (Z) (32)
n=0

Proof. The L.H.S. of (32) is equal to

oo
-1 ntp -B n
e—)\ zw(1+w)32 — Z ( ) '(' 2) wn+p(/\ Z)p
nlp!
n,p=0
— (=1)"*?(-B Bo)n
= 3 ENC B ey = 3030 S B
n,p=0 P n=0 p=0 p p
(oo}
= S wr P
n=0
which proves (32). O

Let A be a matrix in CV*V satisfying the spectral condition (8) and let

A be a complex number with R(\) > 0. We define the generalized Laguerre
matrix polynomials of two variables by the following

n A+I) (A—|—I) —1/\k n—kxk
AA) Z kE(n—k)'k] ’ '

(33)
k=0

Using (3), (16) and (33), we obtain the generating matrix function which rep-
resents an explicit representation for the Laguerre matrix polynomials

oo

Z LA (@, )t = (1 — yt)~ A D exp <1_i Z) (34)

Finally, it is now interesting to extend the above results to new generalized
forms of generalized Laguerre matrix polynomials of two variables can be de-
fined in the form:

LAY z”: FA+ Da(A+ 1)) By Ay "

(2., B) = Kl(n— k)| (35)
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where

k

El(n —i)! -
_ k . . _ ki
By = nlz* o Fy (—kI, B; —nl;x) = ;:0 Ak (B);z"*, (36)

where A and B are matrices in CV*" such that A satisfies the condition (8)
and B satisfies the condition R(z) > 0 for every eigenvalue z € o(B).

When B is the zero matrix, then the Laguerre matrix polynomials of two
variables reduce to

LA (z,y;0) = LY (2, y) (37)

From (36), we can write in the following integral representation

By — o / / B T, (39)
0

Theorem 4.7. Let A and B be matrices in CN*N such that A satisfy the
condition (8) and B satisfy the condition R(z) > 0 for every eigenvalue z €
o(B). Then the generalized Laguerre matriz polynomials of two variables has
the following integral representation:

LA (z,y; B / / ~(Hu) gy BT LAN (31 + %),y)dtdu.
(39)

Proof. Using (33), (38) and (35), we obtain (39). Thus, the result is completed.
O
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